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Putnam and the Skolem paradox - Handout. 
I. The model theoretic argument 


Assumptions behind the argument 

(1) Our beliefs (perhaps also our linguistic practices) about the world, or even our scientific theories, 
can be framed reasonably accurately as a theory © cast in a regimented language &) of the kind 
mathematical logic normally deals with. 

The view about reference is then: 
(2) There is a fixed function REF taking each closed term t in C of (2) onto an item in the language- 
independent totality that makes up THE WORLD. (REF[C] is the range of this function.) 

This amounts to: 
(2’) THE WORLD (which of course contains all the things in REF[C]) is a fixed interpretation of 
AZ) in the usual model-theoretic sense of interpretation; indeed we can call it the intended 
interpretation of the metaphysical realist speaker of GZ). 

Moreover: 
(3) If fis any homorphism on THE WORLD to any other structure f[ THE WORLD] (quite possibly 
with the same domain(s) as THE WORLD), and f is not the identity map, then [THE WORLD] is an 
unintended interpretation. 


Consequences 
The first thing to notice is that: 


() REF determines REF(True) = the set of all truths about THE WORLD formulable by AX). 


Aim of the model theoretic argument 

REF(True) does not conversely determine REF without already knowing that we are dealing with THE 
WORLD. 

Thus, we have a circle: 
We want REF to point out the elements of THE WORLD. Our main tool in doing this will, we hope 
be (part of) REF(True); but we need THE WORLD together with REF(True) to pin down REF. 

The means of doing this is to show: 
There are unintended interpretations of (2) in the sense of ‘intended’ given above, i.e., interpretations 
other than THE WORLD, which make exactly the same sentences of &{) true as THE WORLD does. 
REF(True). 


The arguments 
1. The Léwenheim-Skolem argument. 
The Lowenheim-Skolem Theorem (LST). Let & be any (infinite) structure which is model of any 
consistent set of first-order sentences . Given any infinite cardinality different from that of the domain 
of &1, there is another structure 8 of that cardinality which differs from &t only in the matter of 
cardinality, and which also satisfies the sentences I. 
Hence, suppose our = happens to be true of THE (infinite) WORLD, and thus that its true sentences are exactly 
those of REF(True). Then the LST says that there are other structures 8 which also satisfy REF(True) and which 
cannot possibly be THE WORLD. 


2. The permutation argument. 
Basic theorem: If two structures are isomorphic, then they are elementarily equivalent. 
This is important because we have 
Def.: & and 8% are elementarily equivalent if they satisfy the same sentences of XX). 
Now assume that THE WORLD is a model of E (thus makes REF(True) all true), and let 2 be a non-trivial one-to- 
one permutation of the elements in THE WORLD. For cach relation R on elements of THE WORLD we can define 
a new relation R’ on the permuted elements by 
R'(n(aq), -.. Hay) iff R(Q}, .... an) 
We can make a new model &f out of these permuted elements and the new relations. This &1 will be isomorphic to 
THE WORLD. For example, if the sentence r(t}, ..., ty) is made true in THE WORLD by the fact that R(a}, ..., 
4p) holds, then it will also be made true by the fact about &f that R’(x(a}), .... 7(@p)). By the basic theorem, then, 
THE WORLD and &I, being isomorphic are also elementarily equivalent, and &f also satisfies REF(True). 


Il The Skolem paradox 
1. The 'paradox' 
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4. Internal skolem paradox 


Central result inside ZF: 
If the system ZF is consistent, then the predicate C(x) is not absolute. 


Absoluteness 
Suppose u = {x: 0(x)$ Then: 

u is absolute if for all @ (satisfying certain minimal conditions) {x: >(x)}? = {x: o(x)}. . 
Correspondingly: 

u is not absolute if we can find a @ satisfying the minimal conditions such that 

(x: 6(x))® # (x: Ox). 

In the case that interests us, P(w) is not absolute, but « is. Moreover, the non-absoluteness of P(«) 

amounts to saying that we can find a non-empty transitive @ (satisfying the minimal conditions) such that @ > 
P() is not the same as P(a). 


